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Abstract
A 84Kr beam was Coulomb-excited on a 98Mo target and a natTa target. Six reduced matrix elements for 5 low-lying states
were derived from the analysis using the least-squares code GOSIA. The quadrupole moment of the 2+1 was newly obtained.
The measured quadrupole moment and the B(E2) values are consistent with large-scale shell-model calculations which give a
systematic description of N = 50 isotones.
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1. Introduction
In the region of A 80, even–even isotopes show
several remarkable properties like large quadrupole
deformations, shape coexistence, and triaxiality [1].
These properties are related to the large deformed shell
gaps at prolate shape for N =Z = 38 and oblate shape
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for N = Z = 36. Even–even Kr isotopes have been
extensively studied both experimentally and theoret-
ically; strong dependence of collective properties on
the number of neutrons and protons has been observed.
The quadrupole deformations of Kr isotopes vary from
β2  0.41 in 74Kr [2] to β2  0.15 in 82Kr [3] based
on B(E2) values. Multiple Coulomb excitation [4–9]
has been used for systematic studies of even–even iso-
topes in the region of A  80. However, the quadru-
pole moment, which is a direct measure of the defor-
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mation, has not been measured yet for even–even Kr
isotopes.
Cartwright et al. [10] performed Coulomb excita-
tion experiments with 6–8 MeV 4He beams and frozen
Kr targets, and obtained the B(E2) value of the 2+1
state in 84Kr. Keinonen et al. [11] measured the life-
time for the 2+1 → 0+1 transition in 84Kr that was
Coulomb-excited on the Al, Zn, and Ge targets at the
incident energy of 1.4 MeV/A. However, no mul-
tiple Coulomb excitation has been made to deduce
quadrupole moments of Kr isotopes. TheB(E2) values
for several transitions were deduced from the lifetime
measurement [12]. The level scheme of 84Kr obtained
by in-beam spectroscopy has already been published
[13]. Recently, g factors in the even Kr isotopes were
measured for the first time and the lifetimes of 2+1 , 4
+
1
and 2+2 state in 84Kr were remeasured by the Doppler
shift attenuation method [14].
In the present work, we studied 84Kr with a tech-
nique of complete spectroscopy where we adopted
projectile Coulomb excitation by using a newly devel-
oped position-sensitive particle detector system [15].
The least-squares search code GOSIA [8,9,16] was
used to deduce the reduced matrix elements and
the quadrupole moment for the 2+1 state. The re-
sults are compared with large-scale shell-model cal-
culations, and discussed within a unified framework
which covers not only the 2+1 of 84Kr but also other
states of this nucleus and structures of N = 50 iso-
tones.
2. Experiment and results
An ECR ion source installed in the tandem ac-
celerator at the Japan Atomic Energy Research Insti-
tute (JAERI) can provide stably and strongly beams
of gaseous elements. A 250 MeV 84Kr beam was
excited on a 2 mg/cm2-thick target of 98Mo and a
0.858 mg/cm2-thick target of natural Ta; the 84Kr
beam energy was 98% and 78% of the safe-energy
[17] for 98Mo and natTa targets, respectively. The γ -
ray detector array, GEMINI [18], consisting of 12
HPGe detectors with BGO anti-Compton suppres-
sors was used to detect deexcitation γ -rays. A typi-
cal energy resolution for the HPGe detectors is about
2.2 keV FWHM at the 1.3 MeV γ -ray from 60Co. The
detectors were placed at 32◦, 58◦, 90◦, 122◦, and 148◦
relative to the incident beam direction. The scattered
projectile was detected by a position-sensitive parti-
cle detector system that has good angular resolution
as well as compactness [15]. It was equipped with 2
plastic scintillation counters in front and 2 yttrium alu-
minum perovskite activated by cerium (YAP Ce) scin-
tillation counters behind. The solid angles of the for-
ward plastic and the backward YAP Ce scintillators
were 13% and 3% of 4π in center-of-mass system, re-
spectively. The positional resolution was 1.2 mm at
FWHM near the edge of the detector and 0.5 mm at
FWHM at the center; these corresponded to the angu-
lar resolution of 3.7◦ and 1.9◦, respectively. The in-
formation on the scattered particle position was used
for the Doppler-shift correction of the γ -rays from
84Kr, simultaneously providing the impact-parameter
dependence of the measured γ transition. The exper-
imental data were recorded event by event on digital-
data-storage tapes when one HPGe detector and one
particle detector gave coincident signals. About 3.8 ×
107 events for the 98Mo target and 3.6 × 106 events
for the natTa target were obtained.
In Fig. 1, the γ -ray spectra from natTa(84Kr, 84Kr′)
at E = 250 MeV without and with Doppler-shift cor-
rection are shown. By Doppler-shift correction, the en-
ergy resolution for the strongest γ -ray, at 881 keV,
could be improved from 60 keV to 16 keV, FWHM.
The analysis of the Coulomb-excitation data using the
least-squares search code GOSIA was made to de-
termine E2 and M1 matrix elements. Fig. 2 shows
the partial level scheme of 84Kr that was observed
and used as input parameters. The yields of four
γ -transitions, 881.6, 1016.2, 1213.4 and 1897.8 keV,
were included in the fitting routine. The data from
Ref. [12] on the lifetimes for the levels in Fig. 2,
branching ratio of 2
+
2 state, Iγ (2
+
2 → 2+1 )/Iγ (2+2 →
0+1 )= 2.12± 0.07, and E2/M1 mixing ratio of 2+2 →
2+1 , 0.84± 0.07, were also used as input parameters.
The new lifetimes [14], 5.84(18) ps for 2+1 , 0.95(18)
ps for 4+1 and 0.35(7) ps for 2+2 , were also used as
the other input parameters. No transitions for the 0+2
and 4+2 states could be observed but the lifetimes were
used for analysis. The GOSIA code fitted the ma-
trix elements to reproduce available experimental data.
The above all input data are used to construct the stan-
dard χ2 minimization. The minimum of χ2, treated
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Fig. 1. The γ -ray spectra from natTa(84Kr, 84Kr′) at E = 250 MeV
without and with Doppler-shift correction at a scattering angles
between θlab= 20◦ and 70◦.
as a function of matrix elements, defines the solution,
while its distribution in the vicinity of the minimum
determines the errors of fitted matrix elements. Nor-
malization of data sets for each scattering angle slice
is done by the code. This is possible because in differ-
ent data sets the excitation pattern differs strongly, and
thus absolute intensities are not needed.
In order to confirm the result of the GOSIA analy-
sis, we checked the sensitivity of the χ2 value for the
sign of a matrix element. The distribution of normal-
ized χ2 value was derived for the positive and negative
interference term, P3 (=M0+1 2+1 M0+1 2+2 M2+1 2+2 , where,
for example, M0+1 2+1 stands for the reduced matrix el-
ement between the 0+1 and 2
+
1 ), as shown in Fig. 3.




and M2+1 2+1 . In this analysis, the other ma-
trix elements were fixed on the optimum values for
P3 < 0 and P3 > 0. The minimum χ2 of 3.4 was ob-
tained for P3 < 0, but there is no big difference to




, which corresponded to the quadrupole mo-
ment in the 2+1 state (Q2+1 ), was negative. The sign
Fig. 2. Partial level scheme of 84Kr with the energy and the lifetime
of each level. The solid arrows indicate the γ -transitions observed
in the experiment. The dashed arrows indicate the transition used as
additional input parameters for GOSIA.
Fig. 3. The distributions of normalized χ2 values are shown as a
function of the matrix element. These are examples to show the
behavior of the χ2 as a function of the interested matrix element
with the other matrix elements being fixed at the optimum values
for P3 < 0 and P3 > 0.
of M2+1 2+1 predicted by the shell model calculation,
which is mentioned below, is negative and consistent
with the experimental result. The sign of P3 was pre-
dicted to be positive. Although most collective models
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Table 1
Reduced matrix elements |〈Ii ||E2||If 〉| (e b), |〈2+1 ||M1||2+2 〉| (µN )
and the 2+1 quadrupole moment Q2+1
(e b) in 84Kr. The previous
matrix elements are calculated from B(E2) values or lifetimes that
are taken from Ref. [12]
Present Previous
|〈0+1 ||E2||2+1 〉| 0.35± 0.05 0.35± 0.01
|〈0+1 ||E2||2+2 〉| 0.17± 0.02 0.17+0.10−0.08
|〈2+1 ||E2||2+2 〉| 0.35± 0.14 0.35+0.21−0.19
|〈2+1 ||E2||4+1 〉| 0.69± 0.09 0.66± 0.25
|〈2+1 ||M1||2+2 〉| 0.35± 0.10 0.35± 0.19
Q2+1
(P3 > 0) −0.30± 0.08
Q2+1
(P3 < 0) −0.23± 0.10
Adopted Q2+1
−0.26± 0.13
predict the sign of the product of E2 matrix elements,
P4 =M0+1 2+1 M0+1 2+2 M2+1 2+2 M2+1 2+1 (= P3M2+1 2+1 ), to be
negative, we could not determine uniquely the sign of
matrix elements from the experiment. The insensitiv-
ity was caused by the narrow particle scattering angles,
which depend on the small mass differences between
the present targets and projectile. The signs of the ma-
trix elements will have to be determined by an experi-
ment that uses a Pb target.
Six reduced matrix elements, including a diago-
nal one, were determined. The absolute values of the
obtained reduced matrix elements are listed in Ta-
ble 1. The quadrupole moment of the 2+1 state, Q2+1 ,
was obtained as Q2+1 = −0.23 ± 0.10 e b for P3 < 0
and Q2+1 = −0.30 ± 0.08 e b for P3 > 0. Finally,
we adopted the quadrupole moment Q2+1 = −0.26 ±
0.13 e b.
3. Discussion
The reduced matrix elements in the present work
are consistent with those from Ref. [12]. The new
lifetimes [14] of 2+1 and 2+2 state were consistent with
the previous ones [12], and were in agreement with our
result as well. However, the new lifetime of 4+1 became
larger than the previous one. The present yield data
supports the previous lifetime, namely it is shorter.
In this study, we investigate the structure of 84Kr
theoretically within the framework of the shell model.
Assuming 56Ni to be an inert core, we adopt a va-
lence shell consisting of the 1p3/2, 0f5/2, 1p1/2, and
0g9/2 orbits. The single-particle orbits are assumed to
be the eigenstates of the spherical harmonic oscillator
potential, whose angular frequency is taken as h¯ω =
45A−1/3 − 25A−2/3 MeV. Since the deformations of
N = 48 isotones are not so large at least concerning
low-lying states, orbits above the 0g9/2 and below the
1p3/2 are not included as the valence shell because
of the large spherical shell gaps lying at N(Z)= 28
and 50. Indeed, shell-model calculations with this va-
lence shell succeeded in describing N = 50 isotones
in a systematic way by adopting appropriate effective
interaction and truncation scheme [19,20]. The shell-
model basis dimension increases suddenly for N = 50
nuclei. Therefore, a systematic shell-model calcula-
tion for N = 50 nuclei has not yet been performed
without the truncation of the model space, while a
weak coupling approximation was adopted forN = 48
and 49 isotones in Ref. [21]. The double β decay of
76Ge and 82Se was studied with the same valence shell
in Ref. [22]. Although the full M = 0 shell-model di-
mension reaches 2 450 702 for 84Kr, the diagonaliza-
tion of the Hamiltonian matrix with such a large di-
mension is carried out in the present study by using the
shell-model code MSHELL [23]. Here M denotes the z
component of the angular momentum for a many-body
wave function. The code MSHELL has been applied to
various regions including some neutron-rich nuclei in
the sd–pf shell [24], for instance.
The effective interaction used in this study is de-
termined as follows. We start with the one-boson
exchange potential as the two-body interaction in-
cluding the central, spin–orbit and tensor terms. The
interaction based on this approach has succeeded,
for instance, in the description of light 0f 1p-shell
(pf -shell) nuclei with A = 41–49 by adjusting only
10 parameters [25]. Recently, this interaction, denoted
as FPD6 [25], has turned out to give a good descrip-
tion of a doubly magic nucleus 56Ni with the Monte
Carlo shell model [26] for both the yrast and well-
deformed states [27]. In the present study, the same
parameters as the FPD6 interaction are adopted as the
starting point of the effective interaction in the N ∼ 50
region. In the calculation of the two-body interac-
tion, the harmonic oscillator parameter ω is fixed as
h¯ω = 9.0 MeV. Since the model space and the mass re-
gion on which we focus are different from those of the
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Table 2
Comparison between the experimental (Exp.) and shell-model (SM)
yrast energy levels of even-A N = 50 isotones. Experimental values




84Se 2+1 1.45 1.34
4+1 2.12 2.26
86Kr 2+1 1.56 1.61
4+1 2.25 2.16
88Sr 2+1 1.84 1.78
4+1 4.30 4.05








FPD6 interaction, empirical modifications of the two-
body matrix elements should be made. We now take
into consideration the structure of N = 50 isotones,
which reflects only the T = 1 interactions, in modi-
fying the interaction. It turned out that the low-lying
states of the N = 50 isotones are successfully repro-
duced by shifting only the monopole pairing matrix
elements by δG = −0.08 MeV, where G is defined
by 〈j ′2|Vpair|j2〉JT = −(G/2)
√
(2j ′ + 1)(2j + 1)×
δJ0δT 1. The single-particle energies are determined so
as to fit the yrast 3/2−, 5/2−, 1/2−, and 9/2+ en-
ergy levels of odd-A N = 50 isotones. The resulting
single-particle energies on the top of the 56Ni core are
0, 3.7, 1.1, and 7.3 MeV for the 1p3/2, 0f5/2, 1p1/2,
and 0g9/2 orbits, respectively. Note that these values
somewhat deviate from experimental single-particle
energies around 56Ni. In order to obtain a good fit
not only in the N ∼ 50 region but also in the N ∼ 28
one, the monopole interaction should be modified as
mentioned, for instance, in Refs. [28,29]. We omitted
such a modification of the monopole interaction in the
present study, since the region around N = 50 is of our
main interest. For simplicity, all the T = 0 matrix ele-
ments are unchanged, and both the single-particle en-
ergies and the two-body matrix elements have no mass
dependence.
We first test the feasibility of the model space
and the T = 1 effective interaction adopted in the
present study. In Table 2, calculated yrast energy
levels of even-A N = 50 isotones are compared with
the experimental levels. The result shows a good
agreement between the experiment and the shell-
model calculation as a whole. In particular, narrow





and 92Mo are reproduced very well, reflecting the
〈0g29/2|V |0g29/2〉J=6,8T=1 matrix elements sensitively.
The effective charges and the effective g fac-
tors taken in the shell-model calculation are deter-
mined so as to reproduce electromagnetic proper-
ties of the N = 50 isotones. By adopting the E2 ef-
fective charges as ep = 1.55 e and en = 0.55 e, the
B(E2;0+1 → 2+1 ) values of 86Kr and 88Sr are calcu-
lated as 0.109 and 0.083 e2 b2, respectively, while the
corresponding experimental values [30] are 0.122(10)
and 0.092(5) e2 b2. We use the g factors whose orbital
parts are glp = 1.1 and gln = 0.0, and the spin parts are
quenched by a factor 0.7. The calculated magnetic mo-
ments of the N = 50 isotones are 2.76µN for the 3/2−1
of 87Rb, 2.28µN for the 2+1 of 88Sr, and −0.007µN
for the 1/2−1 of 89Y, compared to experimental values
[31] as 2.75, 2.30(34), and −0.137µN , respectively.
These effective operators are adopted throughout the
present study.
The energy levels of 84Kr are calculated with
the present interaction. The calculated positive-parity
energy levels are compared with the experimental
ones in Fig. 4. The calculated levels are in agreement
with the experiment, while the 12+1 and high-spin
yrast states lie somewhat higher in the shell-model
calculation. The irregularities of the experimental
yrast energy levels are well reproduced by the shell-
model calculation. The situation that the 6+1 and 8
+
1
are closely located in energy is similar to the case of
the N = 50 isotones 90Zr and 92Mo.
In Table 3, experimental electromagnetic quantities
including the B(E2)’s, quadrupole moment, B(M1)
and g factors are compared with the calculated val-
ues. The shell-model values are consistent with the ex-
perimental ones. Experimentally, E2 matrix elements
connecting the yrast states have relatively large values,
which are well reproduced by the present calculation.
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Table 3
The comparison of the experimental electromagnetic quantities with the shell-model calculation. The fourth and fifth columns show
experimental values measured in the present experiment and the adopted values in Nuclear Data Sheets [12], respectively, while the sixth
column shows the corresponding shell-model values. The B(E2), quadrupole moment, and B(M1) values are in unit of 10−2e2 b2, e b and µ2N ,
respectively
Quantity State Experiment Theory
Initial Final Present MDS [12] SM
B(E2) 2+1 0
+
1 2.4± 0.3 2.45± 0.11 2.81
2+2 0
+
1 0.55± 0.06 0.57+0.20−0.13 0.41
2+2 2
+
1 2.4± 1.0 2.4+0.9−0.7 3.12
4+1 2
+
1 5.3± 0.7 4.8± 0.7 3.33
4+2 2
+
1 0.034± 0.004 0.20
4+2 2
+
2 0.35± 0.05 1.09
6+1 4
+
1 1.51± 0.39 2.02
12+1 10
+
1 0.81± 0.09 1.19
Q moment 2+1 −0.26± 0.13 −0.18
B(M1) 2+2 2
+
1 0.025± 0.007 0.021± 0.007 0.060
g factor 8+1 −0.246± 0.002 −0.24
12+1 +0.17± 0.01 +0.20
Fig. 4. Experimental energy levels of 84Kr (Exp.) compared with
the corresponding ones calculated by the shell model (SM).
A shell-model calculation with a severely restricted
space in Ref. [13] results in the B(E2;6+1 → 4+1 )
value that is smaller by a factor of about 103 than the
experimental quantity, due to quite different configura-
tions between the 4+1 and the 6
+
1 . The measured large
B(E2;6+1 → 4+1 ) value shows the importance of the
mixing between various configurations. Large-scale
shell model calculations including the present study
incorporate this kind of mixing in a natural way.
As discussed already, the shell-model calculation
reproduces the experimental energy levels and the
B(E2) values well. It is then of interest to compare
the quadrupole moment which provides a stringent test
of the theory. The present calculation gives a negative
quadrupole moment of the 2+1 state in agreement with
the experiment, while the absolute value is smaller
than the experimental quantity to some extent.
We now compare the 2+1 properties of 84Kr with
those of 86Kr so as to examine the role of the proton–
neutron correlation which exists only in the former.
The shell-model calculation predicts the quadrupole
moment of 86Kr to be −0.138 e b. Its sign is the same
as that of 84Kr, while the absolute value is smaller.
For 86Kr, only the proton r2Y (2) operator gives rise
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i ‖2+1 〉 of 86Kr is calculated to
be −0.117 b, while the corresponding value of 84Kr
is almost unchanged as −0.112 b. The correspond-
ing reduced matrix element of the neutron quadru-
pole operator is −0.118 b for the 2+1 of 84Kr. Thus,
the calculation suggests that coherent deformation be-
tween protons and neutrons most likely occurs and
enhances the 2+1 quadrupole moment in going from
N = 50 to 48. It should be noted that the effect of the
proton–neutron correlation driving collectivity is also
seen in the change of the g factor as the neutron num-
ber varies: it is predicted that the g factor of the 2+1
state decreases from 1.11 to 0.32 in moving from 86Kr
to 84Kr. A systematic measurement of the quadrupole
moments of Kr isotopes would give crucial informa-
tion on the interplay between protons and neutrons.
4. Summary
The 2+1 quadrupole moment of 84Kr has been mea-
sured for the first time, using multiple Coulomb exci-
tation. This measurement has been carried out by the
combination of a newly developed 84Kr beam from
the tandem accelerator, the γ -ray detector array called
GEMINI, the position-sensitive particle detector sys-
tem and the least-square search code GOSIA. The ex-
perimental quadrupole moment gives a stringent test
of the model, and was compared with the shell-model
calculation within full (1p3/20f5/21p1/20g9/2)A−56
configurations. The shell-model calculation success-
fully gives not only a systematic description of N = 50
isotones but also energy levels and electromagnetic
properties of 84Kr. In particular, the negative 2+1
quadrupole moment is consistent with the experiment,
confirming the feasibility of the shell-model calcula-
tion for proton–neutron systems also. The importance
of the proton–neutron correlation is pointed out by an-
alyzing and comparing the 2+1 wave functions of 84Kr
and 86Kr.
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